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Exercise 1 (Stochastic optimal control). The market offers a (possibly random) bounded rate of interest r; at time
t > 0 on a d-dimensional financial model

ds;” ) L) ()
Fo by dt + Zat daw,
t j=1

b and o are (possibly) random processes, the volatility matrix o, is invertible and both oy and b; are bounded for

all t a.s. We assume also that the market price of risk \; := o, *(b; — 7,.1) is bounded. Define a utility function

U :])0,00[— R to be a continuously differentiable, strictly increasing, strictly concave function s.t. U’'(z) —— 0
Tr—00

and U'(xz) — oo.
z—0

@

1. Show that Ujeg(x) = logx and Uy (x) = %-, a €]0, 1] are utility functions.

Fix an initial wealth x €]0,00[. For any strategy ¢ € A (the set of admissible strategies), let (Xt(é’x))tzo denote
the value of the self-financing portfolio with the strategy § with initial wealth z. We will show that there exists an
admissible strategy which maximizes the expected utility i.e. 316* € A s.t.
E [U(X;‘S*’“’))} = maxE [U (X(T‘“”))} . (0.1)
€

2. (Legendre-Fenchel transform) Show that the inverse function of U’(-), denoted by I :)0,00[—]0, 00|, exists
and is strictly decreasing. Prove that

Uly) = max{U() — =y} = UAW) ~ vl
U'ly) = —Iy); )
Ule) = TW@) + V') = min{00) + o).

3. (Lagrange multiplier) Recall that the price at time ¢ < T of a contingent claim on the assets S with payoff ¥
at maturity T is given by

E[HpW|F]
x, = =2
t ,

where H is a process determined by the market price of risk and the rate of interest. The initial value X is

given by x = E[Hr¥]. Prove that, Vy > 0,

EU(W)] < E[U(yHT)] + zy.

Prove that this is an equality iff ¥ = I(yHr).

4. Define the mapping Xy(y) := E[HrI(yHr)]. Prove that A} is a strictly decreasing function with

Xo(y) —— o0, Xo(y) —— 0.
y—0 y—00
>



5. Prove that an optimal investing strategy is linked to a selt financing hedging strategy such that the expected
utility of the portfolio at maturity 7" is equal to the optimal expected utility given in (0.1).

6. Compute explicitly an optimal strategy in the setting of logarithmic utility Us and the power utility Uy, for
the power utility assume r, b and o are deterministic. To simplify the computations take d = 1.

Proof. 1. Trivial.
2. U’ is strictly decreasing and U’(x) > 0 as U is strictly concave and increasing. Hence the inverse exists and
takes value in |0, co[—]0, col.
We have 1% (U(z) — zy) = U”(x) < 0 as U’ is strictly decreasing, then the max exists and is reached in zo
s.t.
d
dl‘ |(L:.L0
&  Ulxo)—y =0
And zo = I(y).
And then U(y) = U(I(y)) — yI(y). We verify easily the second and third assertions.

3. With the precedent question:

BU(] 2 B|nin (06) + 93}
L +
< E_U(g)+wg}, Vi >0
< E[0(Hry)| + E[UHzy],  withy=
i Hy
< E U(HTZ/)} + zy.

And the precedent question tells us that we have the equality for U’ (V) = yHr < U = I(yHr).
4. As U’ is decreasing it is easy to see that Xy is decreasing. Moreover,

;lg% Xo(y) = ;13%) E[HrI(yHr))
> >

= E

Hrp lin%) I (yHT)] (Monotone convergence)
Yy—r

>
= 00,

indeed lim, 0o U'(z) =0 = limy—0I(y) = 0o, and Hr > 0. Same proof for the other limit.
>

5. Let’s fix the initial wealth Z, we saw in the precedent question that X} is a bijection, hence 3!y s.t. Xy(y) = 7,
so T = E[HrI(§Hr)]. From the question 3, a candidate for the payoft is ¥ = I(yHr).

We are in a complete market so 35 / Xépi’g) = U, and define ¥ = Xq(?’é). We saw that V9,
E [U(Xﬁ"”] < E [U(QHT)] + 77,
with equality in X%’S. Hence § is a maximizer of (0.1).

6. We clearly have Ijog(,) = %, hence for the optimal strategy 6*,
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Exercise 2 (Leveraging effect). For a fixed time T', let « : [0, T[—]0, oo be a differentiable and define the stochastic
process I := fot a, dW, and the deterministic process A; := fot a?ds. For the fisrt part of this problem, we will
study the properties of the process I; ; we shall then use it to study financial situation with an inadmissible trading
strategy.

1.
2.
3.

4.

For any given ¢, what is the distribution of I; 7 Specify parameters if needed.
Explain why there is an “inverse” process C' s.t. Cy, =1t,t <T.

Define a stochastic process B; := I¢,. Prove that B, has a centred normal distribution. Compute its covariance
and deduce that B is a brownian motion®

Asume that lim;—, 7 A; = co. Prove that limsup;—7 I; = o0 a.s.
< <

The market offers a constant interest rate r and an asset modelled by

s,

= dt dW;.
S, pdt + odWy

A trader starts a protfolio V' with initial value $1. He is allowed to trade in a self-financing manner, and he believes
he has a guaranteed winning strategy that will earn him at least $5 bn before time T. At each time ¢, he invests
an amount $—=— in the asset S.

V=t
5. Give the dynamic of e™"'V;, and prove that e="*V; = g(t) + I; for a deterministic function g and an « to be
determined explicitly.
6. Prove that this portfolio will obtain a value of at least $5 bn a.s. before T
7. Why might tis strategy fail in practice ?
Proof. 1. « is deterministic so
t
I, ~ N (O, / |0¢S|2ds> :
0
2. With C, :=inf{s : A; > t}, we clearly have Cy4, =t.
3. We have Ba, = Iy ~ N (0, A;), hence By ~ N (0,¢). And its covariance,
E[BaBa] = E[LL]
tAs
= / o? du
0
= A;NA,.
So E[B;Bs] =t A s.
4.
limsuply = limsup Ba,
t—=T t—=T
< <
= limsup Bs = oo.
S—>00
5. We have the strategy Vo = 1 and §; = \/%, so dV; = 5tds—st‘ +r(V; — &) dt.
d (e*”Vt) = —re "Vidt + e " (Sypudt + di0 AWy + Vi dt — ré; dt)
= &e " —r)dt + Se "o dW,
e "V, = g(t) + I,

where g(t) =1+ fot \;‘%e_’”s ds, oy = \/%e_”.

1We should actually prove that B is a gaussian vector to show that its a brownian motion.
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6. We have lim;_,7 A; = lim;_,7 fg e ® ds = 00, so with question 4,
< <

limsupI(t) = oo

t—=T
<
= limsupe "'V, = oo.
t—T
<
7. The first problem is that ¢ ﬁ 00, and we can show that liminf; 7 e "V, = —o0.
- <

O

Exercise 3 (Clewlow-Strickland two factor model). The market offers a constant rate of interest r. Let W) and
W@ be correlated Brownian motions with d(W®) W) = pdt for p €]0,1] under the risk neutral probability
measure Q. For any finite 7' > 0 and 0 <t < T, define the dynamical process

dFyr

= et T QD) g et (T qupr@)
Fyr

for 01,02,01,02 > 0 and Fo,T =1.
Show that the price at time ¢ of a calendar spread option with payoff (Frr, — Frp,)" for T <T) < Tb is equal
to

1 F; 1
TR @(dy) — T TTOF, 5, @(d-), di = \/;1“<Fﬁ’?> £V
L2

’ 61 (T 01 (T 2 02 (T 02 (T 2
v = / (0% (e_ 1(Ti—s) _ o—0( 2—5)) + o2 (e_ 2(Ti—s) _ ,—02( z—S))
t
+ 2p0109 (E*QI(TI*S) _ 6*91(T2*5)) (6*92(T1*S) _ 6*92(T275))) ds.

Proof. We define B = (B*, B?) a brownian motion in Q,

B! = w';
B* = pB' + /1-p2B%

So Fi 1, Fi 1, are martingales under Q and with i € {1, 2},

% = o1 "B ABl + poge TV AB! + /1 - proge T AB}
t,T;
t 1t
* 2
R = oo ([ an - 5 [ ras).
0 2 Jo
where
Ule—el(TQ—S) + pa2e—92(T2—s)
As =
V1= p2oge02(T2=9)
We note P; the price at time t,
Frr N
P, = Egl|e " T YFpg, (’1—1) Fi
Fror,
- F E —r(T—t) Frm "
= FrnEgr |e - —1 Fi (Bayes formula)
Frr,
with
dQT™:
= Frrp,.
a0 T,T>



And

So finally,

Py

ds

t t
1
Fir, = exp (/ 19: dBs — 7/ ||195||2d8) R with
0 2 0
0.16—91(T1—s) 4 p0-2e—92(T1—8)
s =
V1 — p2oge02(Ti—9)
F;
B_T(T_t)FLTz FLTl(I)(d-l‘) - e_r(T_t)Fthq)(d—) ’ with
t,T>
F
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