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Exercise 1 (Stochastic volatility). Assume that the market offers interest rate 0. At time 7" > 0, consider a
stock whose value is S = Sy exp (f%&QT + 6WT), where Sy > 0, (W¢)¢>0 is a Brownian motion, and & is a r.v.
independent of Wrp.

1. Let K > 0 be a fixed strike. Determine explicitly the deterministic function h : R — R s.t. Cy := E[(St —
K)*] =E[n(5?)].

2. Discuss the accuracy of the approximation Co ~ h(E[5?]) + 4 Var[62]02h(z)|,—g[52)-

3. Show that Cy < CBS := h(E[5?]) around the money, and Cy > CP* in/out the money. Paying particular to
or = E[52].

Proof. 1. We have,
c, 2 E |:(Soe—%&2T+&WT _ K)T

= E [E [(S(]e—5&2T+5WT - K)+

= E[Call®®(T,K, So,5%)].

1

So we identify h:

h(z) = So®(di(x)) — K®&(d_(x)),  with
ln(%) 1
di(z) = Novs + 5@.

2. Let us do a Taylor expansion of second order of h(5?) around E[52],

h(5®) = h(E[G%) + (6°—E[6%]) Ouh(a)|eriy + % (52 — E[5%))* 02h(2) sz + &
Now taking the expectation we have
Co = E[n(5%)]
= h(E[F?) + %Var[&Q]agh(x)|x=E[52] + €,
where ¢ is an error. This approximation works in the case were 2 is stochastic but “not so much”, and so &2
is near form its expected value.

3. If we consider that the previous approximation is an equality we have Cy = CBS = %Var[&z]agh(x)\x:]g[&ﬂ.
Let us check the sign of the second order derivative of h.

Kh(z) = Sed(di(z))dy(z) — Ko(d-(z))d_(z)
K 2«1 [T

= —€

p) _
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we have used the fact that So¢(dy) = K¢(d_). And then after calculations

K @@ [T( 1 S\ T 1
*hie) = IR () ST L))
O:h(a) o,  Vzl\laer \ "k 8 %

So at the money and around, h”(x) < 0 and Cy < CBS. And if K < S of K > S we have Cy > CP%. This
shows that we have a smile in the implied volatility.
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Exercise 2 (Implicit volatility expansion). 1. Let A € C. Let h(x) = (e¥—e*)*. Show that i (), the generalized
Fourier transform of h at A with Im(X\) < —1, é.e.

h(\) = /Rh(x)ei/\”“' dz

is given by %
2. Show that
1 .
u(t,z,k,00) = = [ h(N)e!®*70) dRe(N)
2 R
= "®(dy) — Fo(d),

where ¢g(\, 0¢) := —%08()\2 +iN), dy = :O’\Z + %aox/f, and ® is the distribution function of the standard
Gaussian.

3. Deduce that o — wu(t,z, k,o) is analytic. Write down the Taylor expansion of u(¢,x, k, o9 + &) around oy.

4. Let € > 0 and define ¢° (¢, A\, 00) := (1 — &)tgo(\, 00) + €p(t, A), where iAz + ¢(t, A) :=1n (Ex [eMXt]) for some
process X;. Next define
1

o /. h(A)er7e?" (bA0) qRe(N).

u®(t,x, k,o0) =

Thus, u®(t, z, k,00)|c=1 = u™, where u* is the price of payoff h under the process X; and u®(t,z, k, 0¢)|c=1 =
P, the price under Black-Scholes formula. Deduce that

ut(t,z, k,00) = Zanun(t,x,k,ao),
k=0
where
1 . )
Un(t,z, k,00) = ——— [ h(N)ePTet®No0) (¢t X) — to(N, 00))™ dRe(N).
n'27r R

Proof. 1. We have
h(\) £ /(em —eM)te M qg
R

= / (e® — e dg
k

— em(l—i)\) + iek—i)\z -

1— i\ ix .
_ek—ikA
Tz

2. Weset X; :=x — %081& + ogW;, where W is a Brownian motion. Hence
(dy) — FB(d-) 2 Eifh(Xy)]
1 ~ .
= E, { / h(\)eA X dRe()\)]
27T R

1 7. A ,
_ = h()\)GMIEz[67él)\a§t+l)\aowt] dRe()\)
2 R

As Wy ~ N(0,t) we have E,[e~2iA00t+iAo0We] — o= 3idoit+5000° — ctdo(Xo0),
t ) T

(>



3. h is analytic and ¢y as well, so by Fubini o u(t,z, k, o) too.

(51 0"u
n! dom

u(t,x, ko0 +96) = Z

n>1

)
o=0(

and O ulo—oy = 5= [ R(N)eN*Te90N| _ dRe(N).
O

Exercise 3 (Bachelier model). Assume the market offers interest rate 0. The Bachelier model for the evolution of
a stock price is given by

SE = Sy + oPW,
for t > 0, where Sy > 0 is the spot price, o > 0, and (W;);>0 a Brownian motion.

1. Prove that under the Bachelier model, the price of a call option on the stock with strike K at expiry time T’
is given by

cl = (S -K)® (i;‘\/%) + JB\/%(?TOB:/IT{).

2. Let 08 = Syo . using the relation e? > 14y, prove that at the money option prices given by the Bachelier
and Black-Scholes models satisfy

0 <o’ < 50

T 24427

Comment ont the accuracy of the Bachelier formula as an estimator of the Black-Scholes formula for the
option price.

(eP9)° 1%,

3. Suppose that one knows the option price is Cy (model independent). Show that the at the money implied
volatility o and o 3 yielded respectively by the Balchelier and Balck-Scholes models satisfy

BS\3
0 < UIBS_i < (Ji ) T_
So 24
Comment on the accuracy of the Bachelier implied volatility as an estimator for the Black-Scholes implied
volatility.
Proof. 1.

cB & E[(Sy+oPWr — K)*]

o0 So— K
= So+ 0BTz — K dz , here d :=
/_d( o+o z Vo(2) dz where BT

= (SO—K)/_doogb(z) dz + UB\/T/_dooqu(z) dz

= (So—K)(1-®(=d) + o®VT[-6(2)]%,
= (So— K)®(d) + oBVTe¢(d).

2. At the money we have CF = o’VT  And

V2
oBSyT
S() 2 22
chbs = e 7 do
V2T _tﬁfﬁ
So
< —LoP9T = CB.
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On the other hand we have

CBS > i : 1+£2d
0 T Vor Joemsvr 5
JNPLEN &
SO X 2
> B _
o 0 \/27T|:6:|_03§ﬁ
So 3
> op — S (o)’
= 0 2427

Which gives us the control on the difference between the pricing of the two models. When the volatility is
low, Bachelier is a good approximation of BS.

3. we have the following relations

B
_ oV’
Cy =
V21
< oBSyT
0 2 22
= e 2 dz

o= | oBSyT
V2T _IfT

Then we use the same inequalities as in the previous question to deduce the relation.



