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Exercise 1 (Process due to Hamza and Klebaner). Let (Bt, B̃t,Wt)t≥0 be three independent Brownian motions,
and define the process

Xt =

{
Bt for t ≥ 1 ,
√
t
(
B1 cosWln t + B̃1 sinWln t

)
for t < 1.

1. Show that E[Xt] = 0 and that Var[Xt] = t for all t ≥ 0.

2. Show that for any fixes t ≥ 0, Xt is normally distributed.

3. Define the filtration

Ft =

{
σ(Bu : u ≤ t) for t ≥ 1 ,

σ(Bu, B̃u,Wv : u ≤ 1, v ≤ ln t) for t < 1.

Show that for any 0 ≤ s ≤ t, E[Xt|Fs] = Xs.

Proof. 1. We have for t ≥ 0,

E[Xt] = E
[
Bt1t∈[0,1] +

√
t(B1 cosWln t + B̃1 sinWln t)1t∈[1,∞[

]
= E[Bt]1t∈[0,1] +

√
t
(
E[B1]E[cosWln t] + E[B̃1]E[sinWln t]

)
1t∈[1,∞[ as they are independent

= 0 as E[Bs] = 0 for all s ≥ 0.

For t ≤ 1, Var[Xt] = Var[Bt] = t. For t > 1,

Var[Xt] = Var
[√

t(B1 cosWln t + B̃1 sinWln t)
]

= t
(

Var[B1 cosWln t] + Var[B̃1 sinWln t] + 2Cov(B1 cosWln t, B̃1 sinWln t)
)

= t
(
E[B2

1 cos2Wln t] + E[B̃2
1 sin2Wln t]

)
= t

(
E[B2

1 ]E[cos2Wln t] + E[B̃2
1 ]E[sin2Wln t]

)
= tE[cos2Wln t + sin2Wln t] = t.

2. For t ≤ 1, Xt = Bt ∼ N (0, t). For t > 1 let us compute the Fourier transform of Xt,

E
[
eiuXt

]
= E

[
E
[
eiu
√
t(B1 cosWln t+B̃1 sinWln t)|Wln t

]]
= E

[
E
[
eiu
√
tB1 cosWln t |Wln t

]
E
[
eiuB̃1 sinWln t |Wln t

]]
= E

[
e−

u2t cos2Wln t
2 e−

u2t sin2Wln t
2

]
= e−

u2t
2 ∼ E

[
eiuN (0,t)

]
.
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3. For 0 ≤ s ≤ t ≤ 1, E[Xt|Fs] = E[Bt|Fs] = E[Bt −Bs +Bs|Fs] = E[Bt−s|Fs] +Bs = Bs = Xs.
For 1 < s ≤ t,

E[Xt|Fs] = E
[√

t
(
B1 cos(Wln t − cosWln s + cosWln s) + B̃1(sinWln t − sinWln s + sinWln s)

)∣∣∣Fs]
= E

[√
tB1 (cos(Wln t −Wln s) cosWln s − sin(Wln t −Wln s) sinWln s)

+
√
tB̃1 (sin(Wln t −Wln s) cosWln s + cos(Wln t −Wln s) sinWln s)

∣∣∣Fs]
=
√
tB1 (cosWln sE [cos(Wln t−ln s)]− sinWln sE [sin(Wln t−ln s)])

+
√
tB̃1 (cosWln sE [sin(Wln t−ln s)]− sinWln sE [cos(Wln t−ln s)])

=
√
tB1 cosWln se

− ln t−ln s
2 − 0 + 0 +

√
tB̃1 sinWln se

− ln t−ln s
2

=
√
s
(
B1 cosWln s + B̃1 sinWln s

)
= Xs.

We use the same technique for 0 ≤ s ≤ 1 < t.

Exercise 2 (Formula of Brenner and Subrahmanyan). The Black-Scholes pricing formula of a call option with
strike K at maturity T on a stock with volatility σ is given by

CBS(T,K, S) = SΦ(d1)−Ke−rTΦ(d2) ,

where S is the current price of the underlying, r the interest rate and Φ the standard Gaussian distribution. And,

d1 =
ln
(

S
Ke−rT

)
+ σ2 T

2

σ
√
T

;

d2 = d1 − σ
√
T .

Using a first Taylor expansion of Φ(x) around x = 0, deduce that

CBS(T,K, S) ≈ 0.4Sσ
√
T ,

for S = Ke−rT . With the same technique show that the Delta of the call is approximately 0.5 + 0.2σ
√
T for

S = Ke−rT . Finally, show that the Vega of the call is approximately 0.4
√
TSe−σ

2 T
8 for S = Ke−rT .

Proof. With S = Ke−rT we have d1 = 1
2σ
√
T , d2 = − 1

2σ
√
T and CBS(T,K, S) = S(Φ(d1)− Φ(d2)). We write the

first order Taylor expansion around x = 0,

Φ(d1) ≈ Φ(0) + d1φ(0) , when σ
√
T → 0.

Where φ(x) = 1√
2π
e−

x2

2 . So we have

CBS(T,K, S) ≈ S(Φ(0) + d1φ(0) − Φ(0) − d2φ(0))

≈ Sσ
√
T

1√
2π︸ ︷︷ ︸
≈0.4

.

We know that ∆BS(C) = Φ(d1) ≈ Φ(0) + d1φ(0) when S = Ke−rT and σ
√
T → 0. So ∆BS(C) ≈ 1

2 + 0.2σ
√
T .

When S = Ke−rT , CBS(T,K, S) = S(Φ( 1
2σ
√
T )− Φ(− 1

2σ
√
T ). So the Vega is

νBS(C) ,
∂CBS(T,K, S)

∂σ

= S

(
1

2

√
T φ

(
1

2
σ
√
T

)
+

1

2

√
T φ

(
−1

2
σ
√
T

))
= S

√
T

1

2π
e−

1
2

1
4σ

2T

≈ 0.4
√
TSe−σ

2 T
8 .
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Exercise 3 (Pricing with dividends). For a right continuous process (St)t≥0, we define St− := limr↑t Sr. Suppose
that a stock with price process (St)t≥0 pay a dividend δ1+y1St1− for δ1 > 0 and y1 ∈ [0, 1[ at fixed time 0 < t1 < T .
Before and after the dividend payment, the price of the stock evolves like a geometric Brownian motion with zero
drift and volatility σ, i.e.

St =

 S0 exp
(
−σ

2

2 t+ σWt

)
for t < t1 ,

St1 exp
(
−σ

2

2 (t− t1) + σ(Wt −Wt1)
)

for t ≥ t1.

The rate of interest is 0.

1. Write down the stock price St1 at a payment date t1 with respect to the price just before the payement St1−
and the dividend payment and show that

ST = (1− y1)S
(0)
T − δ1

S
(0)
T

S
(0)
t1

= S̄
(0)
T − δ1

(
S
(0)
T

S
(0)
t1

− 1

)
,

where S(0)
T = S0 exp

(
−σ

2

2 T + σWT

)
is the price of the fictional stock with zero dividends and S̄(0)

T = (1 −

y1)S
(0)
T − δ1.

2. How would you compute the price of a call option with strike K at expiry T on the fictional stock S̄(0)
T ?

3. Consider an option on the stock with payoff h(x−K) at expiry T , where h : R→ [0,∞[ is twice differentiable
with bounded derivatives.
Show that E[h′(S̄

(0)
T −K)] = −∂kE[h(S̄

(0)
T − k)]|k=K .

4. Using a conditioning argument, explicit computations with the Gaussian density, and a change of variable
argument, show that,

E

[
h′(S̄

(0)
T −K)

S
(0)
T

S
(0)
t1

]
= −∂kE

[
h
(

(1− y1)eσ
2(T−t1)S

(0)
T − k

)]∣∣∣
k=K=δ1

5. Write down the first order Taylor expansion of h(ST −K)−h(S̄
(0)
T −K). Take expectations in this expansion

to derive an approximation of the price of the option with payoff h(ST −K) in terms of E[h(S̄
(0)
T −K)], the

terms computed in parts 3 and 4 and an error term.

Proof. 1. With the condition of AOA we have St1 = St1− − δ1 − y1St1−

ST , St1 exp

(
−σ

2

2
(T − t1) + σ(WT −Wt1)

)
= S0 exp

(
−σ

2

2
t1 + σWt1

)
(1− y1) exp

(
−σ

2

2
(T − t1) + σ(WT −Wt1)

)
− δ1 exp

(
−σ

2

2
(T − t1) + σ(WT −Wt1)

)

= (1− y1)S0 exp

(
−σ

2

2
T + σWT

)
− δ1

S0 exp
(
−σ

2

2 T + σWT

)
S0 exp

(
−σ2

2 t1 + σWt1

)
= (1− y1)S

(0)
T − δ1

S
(0)
T

S
(0)
t1

.

2. We are looking for the value of E[(S̄
(0)
T −K)+],

E[(S̄
(0)
T −K)+] = E

[(
(1− y1)S0 exp

(
−σ

2

2
T + σWT

)
− δ1 −K

)+
]

= (1− y1)E

[(
S
(0)
T −

K − δ1
1− y1

)+
]

= (1− y1) CBS
(
T,
K − δ1
1− y1

, S0

)
.
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3.

E[h′(S̄
(0)
T −K)] = E[h′(g(WT )−K)]

=

∫
h′(g(x)−K)ϕWT

(x) dx

= −∂k
(∫

h′(g(x)−K)ϕWT
(x) dx

)∣∣∣∣
k=K

with the dominated convergence

= −∂kE[h(S̄
(0)
T −K)]|k=K .

4.

E

[
h′(S̄

(0)
T −K)

S
(0)
T

S
(0)
t1

]
= E

[
h′((1− y1)

S
(0)
T

S
(0)
t1

S
(0)
t1 −K

δ)
S
(0)
T

S
(0)
t1

]
, where Kδ := K − δ1

= E
[
EWt1

[
h′
(

(1− y1)eσ(WT−Wt1 )−
σ2

2 (T−t1)S
(0)
t1 −K

δ
)
eσ(WT−Wt1 )−

σ2

2 (T−t1)
]]

= E
[∫

h′
(

(1− y1)eσ
√
T−t1x−σ

2

2 (T−t1)S
(0)
t1 −K

δ
)
eσ
√
T−t1x−σ

2

2 (T−t1)φ(x) dx

]
= E

[∫
h′
(

(1− y1)eσ1x−
σ21
2 S

(0)
t1 −K

δ

)
eσ1x−

σ21
2 φ(x) dx

]
, where σ1 := σ

√
T − t1

= E
[∫

h′
(

(1− y1)eσ
2
1eσ1x̃−

σ21
2 S

(0)
t1 −K

δ

)
φ(x̃) dx̃

]
, where x̃ := x− σ1

= −∂kE
[∫

h

(
(1− y1)eσ

2
1eσ1x̃−

σ21
2 S

(0)
t1 − k

)
φ(x̃) dx̃

]∣∣∣∣
k=Kδ

, and eσ1x̃−
σ21
2 =

S
(0)
T

S
(0)
t1

= −∂kE
[
h
(

(1− y1)eσ
2(T−t1)S

(0)
T − k

)]∣∣∣
k=K+δ1

.

5. With the first order Taylor expansion,

h(ST −K) ≈ h(S̄
(0)
T −K) + (ST − S̄(0)

T )h′(S̄
(0)
T −K)

≈ h(S̄
(0)
T −K) + δ1h

′(S̄
(0)
T −K)− δ1

S
(0)
T

S
(0)
t1

h′(S̄
(0)
T −K)

By taking the expectations we find the three terms calculated previously.
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